
Homework 1, ORFE 569
Due Feb. 27, 2007

1. Suppose that Xt is a compound Poisson process, namely, Xt =
∑N(t)

k=1 ξk, where N(t) is a Poisson
process with intensity λ and ξk are i.i.d. random variables with density p(y).
Show its (infinitesimal) generator is

Af(x) = λ

∫ [
f(x + y)− f(x)

]
p(y)dy.

for f ∈ DA (bounded f).

2. For biasing rule (I), calculate the rest of p(y|x) and present the whole p(y|x).

3. For biasing rule (II), calculate p(y|x) and present the whole p(y|x).

4. Explicitly solve the general linear SDE (LSDE):

dXt = (At + BtXt)dt + (Ct + DtXt)dWt

where Wt is a standard Brownian motion, and At, Bt, Ct and Dt are deterministic functions. Let

Kt =
∫ t

0
(Bs −

1
2
D2

s)ds +
∫ t

0
DsdWs

Precisely, show

Xt = eKt

(
X0 +

∫ t

0
e−Ks(As − CsDs)ds +

∫ t

0
e−KsCsdWs

)
.

(Hint: Apply two-dimensional Itô formula for Itô diffusions to d(Xte
−Kt)).

5. Let Xt be a two dimension Itô diffusion

dXt = µ(Xt)dt + σ(Xt)dBt

where Xt, µ(Xt), and Bt are all 2× 1 vectors and σ(Xt) is a 2× 2 matrix. Show its (infinitesimal)
generator is

Af(x) =
2∑

k=1

µk(x)
∂f

∂xk
+

1
2

∑
1≤i,j≤2

(σσT )i,j(x)
∂2f

∂xi∂xj
=

∂f

∂x

T

µ(x) +
1
2
tr

[
σ(x)σT (x)

∂2f

∂x2

]
,

for bounded and twice continuously differentiable f .

6. Heston Model (RFS 1993):{
dXt
Xt

= µdt + σtdWt

dVt = (γ − αVt)dt + κσtdBt

where Vt = σ2
t , Wt and Bt are correlated standard Brownian motion with correlation coefficient ρ.

Determine its generator Af(v, x).

7. The limiting diffusion model of AR(1) Exponential ARCH (Nelson 1990, JEM):{
d[ln(Xt)] = cσ2

t dt + σtdWt

d[ln(Vt)] = (γ − α ln(Vt))dt + κdBt

where Vt = σ2
t , Wt and Bt are correlated standard Brownian motion with correlation coefficient ρ.

Determine its generator Af(v, x).
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